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A CHAOTIC FUNCTION WITH SOME EXTREMAL PROPERTIES J. SMITAL Abstract.
For a continuous function chaotic in the sense of Li and Yorke the continuum hypothesis implies the existence of a scrambled set which has among others full outer Lebesgue measure.
A continuous function /: I -I, where / is a real interval, is called chaotic provided there is an uncountable set S (a scrambled set) such that for each x, y E S, x ¥= y, and each periodic point p of/, (1) \imsup\f"(x)-f(y)\>0, limsup|/"i»-/"(/0|>0
n -oo n-* oo
where/" is the nth iterate of/(cf. [1] ). In the literature there is known no set S with positive Lebesgue measure. On the other hand, it is easy to construct from a Cantor-type function a chaotic continuous function whose each scrambled set is a null set. In the present note we prove the following Lemma 3. // x E A and p is a periodic point of f. then (4) is true.
Proof. Let k be the order of p. Then/*"( p) -p for each n, hence lim,,^^/"^ p)
-p and (4) follows from Lemma 2.
Lemma 4. £or each x E A there is a Gs set A(x) C A with p(A(x)) -1 such that for any y E A(x), statements (2) and (3) are satisfied.
Proof. Let Mk = {m; fm(x) < \/k).
Put Bk = B((0, l/k), Mk) and Bk = B((\ -\/k,\), Mk).Now\etA(x) = A n Hfmi(Bk n Ä*); by Lemma 1, /1(jc) has the desired properties.
Proof of Theorem. We use transfinite induction to construct the set S. By the continuum hypothesis there exists a well-ordering {P0}0<o."of the system of perfect subsets P of (0,1) with p(P) > 0, where S2 is the first uncountable ordinal. Let x0 G A n PQ. When {xa}a<ß are defined such that for each x = xa, y -xy, where a<y<ß, the inequalities (2) and (3) are satisfied, take H= (~^a<ßA(xa) (see Lemma 4). Then p(H)-1 since H is a countable intersection of sets of full measure. Hence we can choose some xß E H fl Pß. Denote S = {*B}a<o.-Clearly (2) and (3) are satisfied for any x, y G S, x ¥= y. Since S C A, Lemma 3 implies that for any x E S and any periodic point p of/, it follows that (4) is true. And finally, since S intersects each perfect subset of (0,1) of positive measure, the set S must have the full outer Lebesgue measure. Q.E.D. for every n> m, contrary to the first inequality in (1) .
